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ON THE CATEGORICAL ENTROPY AND THE TOPOLOGICAL
ENTROPY
KOHEI KIKUTA AND ATSUSHI TAKAHASHI
Abstract. To an exact endofunctor of a triangulated category with a split-generator,
the notion of entropy is given by Dimitrov–Haiden–Katzarkov–Kontsevich, which is a
(possibly negative infinite) real-valued function of a real variable. In this paper, we
propose a conjecture which naturally generalizes the theorem by Gromov–Yomdin, and
show that the categorical entropy of a surjective endomorphism of a smooth projective
variety is equal to its topological entropy. Moreover, we compute the entropy of autoe-
quivalences of the derived category in the case of the ample canonical or anti-canonical
sheaf.
1. Introduction
The topological entropy of a self-map of a manifold is the fundamental numeri-
cal invariant encoding “complexity” of the map, which has been extensively studied by
several people. Recently, to an exact endofunctor of a triangulated category with a split-
generator, the notion of entropy is given by Dimitrov–Haiden–Katzarkov–Kontsevich in
[DHKK]. It is a (possibly negative infinite) real-valued function of a real variable moti-
vated by an analogy with the topological entropy.
It is known that the topological entropy of a surjective holomorphic endomorphism
of a compact Ka¨hler manifold coincides with the natural logarithm of the spectral radius
of the induced action on the cohomology, which is the fundamental theorem of Gromov-
Yomdin [Gro1, Gro2, Yom] (see also Theorem 3.6 in [Ogu]). In particular, this enables us
to calculate the topological entropy of an automorphism of a smooth projective variety
over C inside of algebraic geometry.
The bounded derived category of coherent sheaves is a “primitive” invariant of a
smooth proper variety over C; there are many interesting examples of non-isomorphic
varieties with an equivalent derived category. Therefore, it is important whether the
topological entropy is determined by the derived category or not. Concerning the entropy
at zero of an exact endofunctor of the derived category, there is a lower bound, under
a certain technical assumption, by the natural logarithm of the spectral radius of the
induced action on the Hochschild homology (Theorem 2.9 in [DHKK]). Moreover, if
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the variety is projective then the categorical entropy and the topological entropy of a
surjective endomorphism satisfying the assumption coincides (Theorem 2.12 in [DHKK]).
In this paper, we propose a conjecture which naturally generalizes the theorem by
Gromov–Yomdin and we show the following two theorems:
Theorem (Theorem 5.5). Let X be a smooth projective variety over C and Db(X) the
bounded derived category of coherent sheaves on X. Let f : X −→ X be a surjective
endomorphism and Lf ∗ : Db(X) −→ Db(X) the derived functor of f . Then, the categori-
cal entropy hcat(f) coincides with the natural logarithm of the spectral radius ρ([Lf
∗]) of
the induced automorphism [Lf ∗] on the numerical Grothendieck group N (X) of Db(X).
Moreover, we have
hcat(f) = htop(f),
where htop(f) is the topological entropy of f .
Theorem (Theorem 5.7). Let X be a smooth projective variety over C with the ample
canonical or anti-canonical sheaf and F an autoequivalence of the bounded derived category
Db(X) of coherent sheaves on X. We have
h(F ) = log ρ([F ]) = 0.
The contents of this paper is as follows. In Section 2 and 3, we prepare notations
and recall the definition and some properties of the entropy of exact endofunctors by
[DHKK]. After recalling the notion of dynamical degrees and the fundamental theorem
due to Gromov–Yomdin in Section 4, we propose a conjecture (Conjecture 5.3) which
naturally generalizes it and state our results in Section 5, whose proofs are given in
Section 6.
Acknowledgment
The first and second named authors would like to thank Keiji Oguiso and Yuuki Shi-
raishi for valuable discussions. The first named author is supported by JSPS KAKENHI
Grant Number JP17J00227. The second named author is supported by JSPS KAKENHI
Grant Numbers JP24684005, JP26610008 and JP16H06337.
2. Notations
Throughout this paper, we denote by X a smooth projective variety over C of di-
mension d and by Db(X) the bounded derived category of coherent sheaves on X whose
translation functor is given by [1]. An endomorphism of X is a morphism f : X −→ X
and an automorphism of X is an endomorphism of X which is invertible. We de-
note the semi-group (resp. group) of endomorphisms (resp. automorphisms) of X by
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End(X) (resp. Aut(X)). An endofunctor of Db(X) is a C-linear functor F : Db(X) −→
Db(X) which is exact (or triangulated), namely, is a functor which commutes with the
translation functor and sends exact triangles to exact triangles. An endofunctor F of
Db(X) is of Fourier–Mukai type if there exists an object P ∈ Db(X × X) such that
F (−) ∼= Rpi2∗(P ⊗LX×X Lpi
∗
1(−)) where pi1, pi2 are the projections to the first and second
components.
3. Entropy of endofunctors
It is well-known that Db(X) is a split-closed triangulated category of finite type
and it has a split-generator. Namely, it contains all direct summands of its objects,∑
n∈Z dimCHomDb(X)(M,N [n]) < ∞ for all M,N ∈ D
b(X) and there exists an object G
such that Db(X) = 〈G〉 where 〈G〉 is the smallest triangulated subcategory containing
G closed under isomorphisms and taking direct summands. In particular, for a very
ample invertible sheaf L on X , the objects G := ⊕d+1i=1L
i and its dual G∗ := ⊕d+1i=1L
−i are
split-generators (cf. Theorem 4 in [Orl1]).
Definition 3.1 (Definition 2.1 in [DHKK]). For each M,N ∈ Db(X), define the function
δt(M,N) : R −→ R≥0 ∪ {∞} in t by
δt(M,N) :=


0 if N ∼= 0
inf


p∑
i=1
exp(nit)
∣∣∣∣∣∣
0 A1 . . . Ap−1 N ⊕N ′
M [n1] . . . M [np]
//
⑧⑧
⑧
⑧
⑧
⑧
__ //
⑧⑧
⑧
⑧
⑧
⑧
__

 if N ∈ 〈M〉
∞ if N 6∈ 〈M〉.
The function δt(M,N) is called the complexity of N with respect to M .
Remark 3.2. If M ∈ Db(X) is not isomorphic to a zero object, then an inequality 1 ≤
δ0(G,M) <∞ holds for any split-generator G ∈ Db(X).
We recall some basic properties of the complexity.
Lemma 3.3 (Proposition 2.3 in [DHKK]). Let M1,M2,M3 ∈ Db(X).
(i) If M1 ∼= M3, then δt(M1,M2) = δt(M3,M2).
(ii) If M2 ∼= M3, then δt(M1,M2) = δt(M1,M3).
(iii) If M2 6∼= 0, then δt(M1,M3) ≤ δt(M1,M2)δt(M2,M3).
(iv) For any endofunctor F of Db(X), we have δt(F (M1), F (M2)) ≤ δt(M1,M2).
Definition 3.4 (Definition 2.5 in [DHKK]). Let G be a split-generator of Db(X) and
F an endofunctor of Db(X) such that F nG 6∼= 0 for all n > 0. The entropy of F is the
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function ht(F ) : R −→ {−∞} ∪ R given by
ht(F ) := lim
n→∞
1
n
log δt(G,F
nG). (3.1)
It follows from Lemma 2.6 in [DHKK] that the entropy is well-defined.
Remark 3.5. If there exists a positive integer n such that F nG ∼= 0, then F nM ∼= 0 for
all M ∈ Db(X).
Lemma 3.6. Let G,G′ be split-generators of Db(X) and F an endofunctor of Db(X) such
that F nG,F nG′ 6∼= 0 for all n > 0. Then
ht(F ) = lim
n→∞
1
n
log δt(G,F
nG′). (3.2)
Proof. It follows from Lemma 3.3 (iii) and (iv) that
δt(G,F
nG′) ≤ δt(G,F
nG)δt(F
nG,F nG′) ≤ δt(G,G
′)δt(G,F
nG).
Similarly, we have δt(G,F
nG) ≤ δt(G′, G)δt(G,F nG′), which yields the statement. 
Lemma 3.7 (See Section 2 in [DHKK]). Let G be a split-generator of Db(X) and F1, F2
endofunctors of Db(X) such that F ni G 6
∼= 0 for i = 1, 2 and for all n > 0.
(i) If F1 ∼= F2, then ht(F1) = ht(F2).
(ii) We have ht(F
m
1 ) = mht(F1) for m ≥ 1.
(iii) We have ht([m]) = mt for m ∈ Z.
(iv) If F1F2 ∼= F2F1, then ht(F1F2) ≤ ht(F1) + ht(F2).
(v) If F1 = F2[m] for m ∈ Z, then ht(F1) = ht(F2) +mt.
The following proposition enables us to compute entropies.
Proposition 3.8 (cf. Theorem 2.7 in [DHKK]). Let G,G′ be split-generators of Db(X)
and F an endofunctor of Db(X) of Fourier–Mukari type such that F nG,F nG′ 6∼= 0 for all
n > 0. Then the entropy ht(F ) is given by
ht(F ) = lim
n→∞
1
n
log δ′t(G,F
nG′), (3.3)
where
δ′t(M,N) :=
∑
m∈Z
(
dimCHomDb(X)(M,N [m])
)
· e−mt, M,N ∈ Db(X). (3.4)
Proof. The following is proven in the proof of Theorem 2.7 in [DHKK].
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Lemma 3.9. There exist C1(t), C2(t) for t ∈ R such that
C1(t)δt(G,M) ≤ δ
′
t(G,M) ≤ C2(t)δt(G,M), M ∈ D
b(X).
In particular, for each M ∈ Db(X) we have
lim
n→∞
1
n
log δt(G,M) = lim
n→∞
1
n
log δ′t(G,M). (3.5)
Together with Lemma 3.6, we have
ht(F ) = lim
n→∞
1
n
log δt(G,F
nG′) = lim
n→∞
1
n
log δ′t(G,F
nG′).
We finished the proof of the proposition. 
Proposition 3.8 yields the following
Lemma 3.10 (Lemma 2.14 in [DHKK]). For each invertible sheaf L′ ∈ Pic(X), the
entropy h(−⊗L′) of the autoequivalence functor −⊗ L′ is zero.
4. Topological entropy
Let X be a d-dimensional complex smooth projective variety, as in Section 2. Let
f be a surjective endomorphism of X . For an integer q (0 ≤ q ≤ d), define Hq,q(X ;R) :=
Hq,q(X) ∩H2q(X ;R). Note that f induces an automorphism f ∗ of Hq,q(X ;R).
Definition 4.1. For an integer q (0 ≤ q ≤ d), define the q-th dynamical degree dq(f) of
f by
dq(f) := lim sup
n→∞
(∫
X
(fn)∗c1(L)
q ∪ c1(L)
d−q
) 1
n
, (4.1)
where L is a very ample invertible sheaf on X .
Remark 4.2. The q-th dynamical degree does not depend on the choice of L.
Decompose Hq,q(X) = Hq,q(X ;R)⊗ C into the direct sum of the f ∗-invariant sub-
spaces
Hq,q(X) = Hq,q(X)λ1,m1 ⊕ · · · ⊕H
q,q(X)λs,ms , (|λ1|, m1) ≥ · · · ≥ (|λs|, ms), (4.2)
where f ∗|Hq,q(X)λi,mi is given by the Jordan block Jλi,mi and we write (|λi|, mi) ≥ (|λj|, mj)
if either |λi| > |λj| or |λi| = |λj| and mi ≥ mj . Note that for any matrix norm ‖ · ‖, we
have
lim sup
n→∞
‖Jnλi,mi‖
nmi−1λni
<∞, lim sup
n→∞
nmi−1λni
‖Jnλi,mi‖
<∞. (4.3)
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Definition 4.3 (cf. Section 2.2 in [DS]). Let the notations as above. The spectral radius
rq(f) of the automorphism f
∗ of Hq,q(X ;R) is the positive number |λ1|, the maximum of
absolute values of eigenvalues of f ∗. The multiplicity lq(f) of the spectral radius rq(f) is
the integer m1.
Proposition 4.4 (cf. Proposition 2.5 in [DS]). Let L be a very ample invertible sheaf on
X. For an integer q (0 ≤ q ≤ d),
lim sup
n→∞
∫
X
(f ∗)nc1(L)q ∪ c1(L)d−q
nlq(f)−1rq(f)n
<∞, lim sup
n→∞
nlq(f)−1rq(f)
n∫
X
(f ∗)nc1(L)q ∪ c1(L)d−q
<∞. (4.4)
In particular, (
∫
X
(f ∗)nc1(L)q ∪ c1(L)d−q)1/n converges to the q-th dynamical degree dq(f),
which coincides with the spectral radius rq(f).
Remark 4.5. By the Perron–Frobenius theorem, we can show the existence of i (1 ≤ i ≤ s)
such that (λi, mi) = (rq(f), lq(f)). Moreover, since f
∗ respects the subspace Hq,q(X ;Z) :=
Hq,q(X) ∩H2q(X ;Z) (which is non-empty since X is projective), it turns out that rq(f)
is an algebraic integer.
Let r(f) be the spectral radius of the automorphism f ∗ of the (total) cohomology
groupH•(X ;C), the maximum of absolute values of eigenvalues of f ∗. The following is the
fundamental theorem on topological entropy due to Gromov-Yomdin [Gro1, Gro2, Yom]
(see also Theorem 3.6 in [Ogu]).
Proposition 4.6. For each surjective endomorphism f ∈ End(X),
htop(f) = log r(f) = logmax
q
rq(f) = logmax
q
dq(f). (4.5)
Remark 4.7. Since f ∗ is an automorphism ofHq,q(X ;R) and f ∗(Hq,q(X ;Z)) ⊂ Hq,q(X ;Z),
we have rq(f) ≥ 1 for all q (0 ≤ q ≤ d) and hence htop(f) ≥ 0.
5. Results
5.1. Spectral radii. In order to study the structure of the entropy of endofunctors on
Db(X) we prepare some terminologies. For M,N ∈ Db(X), set
χ(M,N) :=
∑
n∈Z
(−1)n dimCHomDb(X)(M,N [n]). (5.1)
It naturally induces a bilinear form on the Grothendieck groupK0(X) of Db(X), called the
Euler form, which is denoted by the same letter χ. Then numerical Grothendieck group
N (X) is defined as the quotient of K0(X) by the radical of χ (which is well-defined by
the Serre duality). It is important to note that N (X) is a free abelian group of finite rank
by Hirzebruch-Riemann-Roch theorem and that N (X)Q := N (X)⊗Z Q can be identified
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with A•num(X)Q := A
•
num(X) ⊗Z Q where A
q
num(X) is the Chow group of codimension q
cycles on X modulo numerical equivalence.
Let EndFM(Db(X)) be the semi-group of isomorphism classes of endofunctors of
Db(X) of Fourier–Mukai type and End(N (X)) the semi-group of endomorphisms of
N (X). Since an endofunctor of Fourier–Mukai type has left and right adjoint functors, it
respects the radical of χ. Therefore, we have the semi-group homomorphism
EndFM(Db(X))→ End(N (X)), F 7→ [F ]. (5.2)
Define N (X)C := N (X) ⊗Z C and denote by EndC(N (X)C) the semi-group of C-linear
endomorphisms of N (X)C. For each F ∈ End
FM(Db(X)), define ρ([F ]) to be the spectral
radius of [F ] considered as an element in EndC(N (X)C).
The Hochschild homology group of X is defined as HH•(X) := HH•(Dbdg(X)) where
Dbdg(X) is a dg enhancement of D
b(X). We also have the semi-group homomorphism
EndFM(Db(X))→ EndC(HH•(X)), F 7→ HH•(F ), (5.3)
where HH•(F ) is the induced C-linear endomorphism HH•(F ) of HH•(X). Denote
by ρ(HH•(F )) the spectral radius of HH•(F ). There is an isomorphism HH•(X) ∼=
H•(X ;C) given by the Hochschild–Kostant–Rosenberg isomorphism and the degener-
ation of the Hodge to de Rham spectral sequence. Under this isomorphism, the en-
domorphism HH•(Lf
∗) corresponds to the induced endomorphism f ∗ of H•(X ;C) for
each f ∈ End(X) (cf. Theorem 4.4, Lemma 6.4 in [Lun] and references therein). In
particular, we have ρ(HH•(Lf
∗)) = r(f). Note also that ρ([F ]) ≤ ρ(HH•(F )) since
A•num(X)C := A
•
num(X)⊗Z C is a quotient of a subspace A
•
hom(X)C := A
•
hom(X)⊗Z C of
⊕qHq,q(X) ⊂ ⊕p,qHp,q(X) = HH•(X), where A
q
hom(X) is the Chow group of codimension
q cycles on X modulo (co)homological equivalence, and these linear maps are compatible
with the induced actions of F .
5.2. Entropy and spectral radii. From now on, we shall only consider the entropy
ht(F ) of an endofunctor F ofD
b(X) at t = 0. For simplicity, set δ(G,F nG′) := δ0(G,F
nG′),
δ′(G,F nG′) := δ′0(G,F
nG′), h(F ) := h0(F ) and so on.
Definition 5.1. For a surjective endomorphism f ∈ End(X), the categorical entropy
hcat(f) of f is the entropy h(Lf
∗) of its derived functor Lf ∗ : Db(X) −→ Db(X) at t = 0.
Remark 5.2. Each surjective endomorphism f ∈ End(X), the induced endomorphism
HH•(Lf
∗) of HH•(X) is invertible. Therefore, we have (Lf
∗)nG 6∼= 0 for all n ≥ 0 and
hence the categorical entropy hcat(f) is well-defined and hcat(f) ≥ 0.
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In fact, it is possible to work in the category of smooth proper varieties over C,
namely, for a smooth proper variety Y over C one can define the entropy h(F ) and
the spectral radii ρ([F ]), ρ(HH•(F )) of F ∈ End
FM(Db(Y )) simply by setting X = Y
(however, we did not do this since our results are only for projective varieties). Concerning
the entropy h(F ), there is a lower bound, under a certain technical assumption, by the
natural logarithm of the spectral radius ρ(HH•(F )) of the induced C-linear endomorphism
HH•(F ) of the Hochschild homology groupHH•(Y ) (Theorem 2.9 in [DHKK]). When Y is
projective, they also show that hcat(f) ≤ ρ(HH•(Lf ∗)) (in fact, hcat(f) ≤ ρ([Lf ∗]) holds,
as we shall see later), which implies hcat(f) = log r(f) for each surjective endomorphism
f ∈ End(Y ) satisfying the assumption (Theorem 2.12 in [DHKK]).
From the above, it is natural to expect the following conjecture in general as a cate-
gorical generalization of the fundamental theorem on topological entropy due to Gromov-
Yomdin (see Proposition 4.6).
Conjecture 5.3. 1 Let Y be a smooth proper variety over C. For each F ∈ EndFM(Db(Y ))
such that the induced C-linear endomorphism HH•(F ) of HH•(Y ) is invertible,
h(F ) = log ρ(HH•(F )). (5.4)
Moreover, if Y is projective and F is an autoequivalence, then
h(F ) = log ρ([F ]). (5.5)
Remark 5.4. The conjecture of this form does not hold in general for perfect derived
categories of smooth proper dg algebras, due to phantom categories2.
5.3. Results. The following is the main theorem in this paper, which is a special case of
Conjecture 5.3.
Theorem 5.5. Let X be a smooth projective variety over C. For each surjective endo-
morphism f ∈ End(X),
hcat(f) = lim
n→∞
1
n
log |χ(G, (Lf ∗)nG∗)| (5.6)
= log ρ([Lf ∗]) = logmax
q
rq(f) = logmax
q
dq(f). (5.7)
In particular, we have hcat(f) = htop(f).
1 The lower bound h(F ) ≥ log ρ([F ]) in the conjecture does hold ([KST, eq.(1.1)]), but unfortunately,
the upper bound h(F ) ≤ log ρ([F ]) does not in general (See [Fan, Ouc]). Certainly, there is no effect on
results in this paper. It is an interesting and important problem to find a characterization of functors
attaining the lower bound.
2The authors would like to thank A.I. Efimov for helpful comments.
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By Theorem 2.2 in [Orl2], any autoequivalence of Db(X) is of Fourier–Mukai type.
If d = 1, then the following holds.
Proposition 5.6 (Theorem 3.1 in [Kik]). Suppose that X is a smooth projective curve.
Then, h(F ) = log ρ([F ]) for all autoequivalences F of Db(X).
This can be generalized to smooth projective varieties with the ample canonical or
anti-canonical sheaf.
Theorem 5.7. Suppose that the canonical sheaf KX or the anti-canonical sheaf K
−1
X is
ample. Then h(F ) = log ρ([F ]) = 0 for all autoequivalences F of Db(X).
We shall give proofs of Theorems 5.5 and 5.7 in the next section.
6. Proofs
6.1. Proof of Theorem 5.5. First, note that the endofunctor Lf ∗ is of Fourier–Mukai
type. For a very ample invertible sheaf L, we set G := ⊕d+1i=1L
i and G∗ := ⊕d+1i=1L
−i. By
Kodaira vanishing theorem, we have
δ′(G, (Lf ∗)nG∗) = (−1)dχ(G, (Lf ∗)nG∗) = |χ(G, (Lf ∗)nG∗)|,
which yields, by Proposition 3.8,
hcat(f) = lim
n→∞
1
n
log δ′(G, (Lf ∗)nG∗) = lim
n→∞
1
n
log |χ(G, (Lf ∗)nG∗)|.
The Hirzebruch–Riemann–Roch theorem gives
χ(G, (Lf ∗)nG∗) =
∫
X
ch(G∗)ch((f ∗)nG∗)td(X).
It follows from explicit calculations that
(−1)d
∫
X
ch(G∗)ch((f ∗)nG∗)td(X) =
d∑
r=0
d−r∑
q=0
cr,q
∫
X
(f ∗)nc1(L)
q ∪ c1(L)
d−r−qtdr(X),
where cr,q are rational numbers such that c0,q are all positive. Let p be an integer such
that (rp(f), lp(f)) = max
q
(rq(f), lq(f)). We have
hcat(f) = lim
n→∞
1
n
log |χ(G, (Lf ∗)nG∗)|
= lim
n→∞
1
n
log
(
d∑
r=0
d−r∑
q=0
cr,q
∫
X
(f ∗)nc1(L)
q ∪ c1(L)
d−r−qtdr(X)
)
= log dp(f) + lim
n→∞
1
n
log
(
d∑
r=0
d−r∑
q=0
cr,q
∫
X
(f ∗)nc1(L)
q ∪ c1(L)
d−r−qtdr(X)∫
X
(f ∗)nc1(L)p ∪ c1(L)d−p
)
.
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Recall that
∫
X
(f ∗)nc1(L)q ∪ c1(L)d−r−qtdr(X) has at most the growth nlq(f)−1rq(f)n as
n→∞ (see Section 4, especially, (4.2), (4.3) and Proposition 4.4). Hence,
lim sup
n→∞
∣∣∣∣
∫
X
(f ∗)nc1(L)q ∪ c1(L)d−r−qtdr(X)∫
X
(f ∗)nc1(L)p ∪ c1(L)d−p
∣∣∣∣ <∞.
Note that hcat(f) and log dp(f) do not depend on the choice of L. It follows that
lim
n→∞
1
n
log
(
d∑
r=0
d−r∑
q=0
cr,q
∫
X
(f ∗)nc1(L)q ∪ c1(L)d−r−qtdr(X)∫
X
(f ∗)nc1(L)p ∪ c1(L)d−p
)
= 0,
since c0,q are all positive rational numbers and replacing L by sufficiently large power of
L we may reduce the contributions from terms with r > 0.
Recall that N (X)C can be identified with A•num(X)C. It follows that
log ρ([Lf ∗]) ≤ logmax
q
rq(f) = log rp(f)
since A•num(X)C is a quotient of an f
∗-invariant subspace A•hom(X)C of ⊕qH
q,q(X) by an
f ∗-invariant subspace. Therefore, we have
log ρ([Lf ∗]) ≤ log rp(f) = log dp(f) = lim
n→∞
1
n
log |χ(G, (Lf ∗)nG∗)| = hcat(f).
On the other hand, it is easy to see that
hcat(f) = lim
n→∞
1
n
log |χ(G, (Lf ∗)nG∗)| ≤ log ρ([Lf ∗]) ≤ log rp(f) = log dp(f).
To summarize, we obtain hcat(f) = log ρ([Lf
∗]) = logmax
q
rq(f) = logmax
q
dq(f). 
6.2. Proof of Theorem 5.7. Let Auteq(Db(X)) be the group of isomorphism classes of
autoequivalences of Db(X). It is shown by Bondal–Orlov that
Auteq(Db(X)) ∼= (Aut(X)⋉ Pic(X))× Z[1]
(Theorem 3.1 in [BO]). Choose an integer m so that L := KmX is very ample. Set
G := ⊕d+1i=1L
i and G∗ := ⊕d+1i=1L
−i.
For each automorphism f ∈ Aut(X), we have Lf ∗G = G and hence
hcat(f) = lim
n→∞
1
n
log δ(G, (Lf ∗)nG) = lim
n→∞
1
n
log δ(G,G) = 0.
Each standard autoequivalence F is represented as F (−) = Lf ∗(− ⊗ L′)[a] for an
automorphism f ∈ Aut(X), an invertible sheaf L′ and an integer a. Let l be an integer
such that L′′ := L′ ⊗ KlX is anti-ample. Note that (f
∗)nL′′ is anti-ample for all n ≥ 0
and the functors (− ⊗ K−lX )[a] and Lf
∗(− ⊗ L′′) commute. Since h(− ⊗ K−lX ) = 0 by
Lemma 3.10, we have h(F ) = h(Lf ∗(−⊗ L′′)) by Lemma 3.7 (iv) and (v).
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Set F ′(−) = Lf ∗(−⊗ L′′). By Proposition 3.8 and Kodaira vanishing theorem,
h(F ) = lim
n→∞
1
n
log δ′(G, (F ′)nG∗)
= lim
n→∞
1
n
log δ′(G,G∗ ⊗L′′ ⊗ f ∗L′′ ⊗ · · · ⊗ (f ∗)n−1L′′)
= lim
n→∞
1
n
log |χ(G,G∗ ⊗ L′′ ⊗ f ∗L′′ ⊗ · · · ⊗ (f ∗)n−1L′′)|
= lim
n→∞
1
n
log |χ(G, (F ′)nG∗)|.
It follows that
h(F ) = lim
n→∞
1
n
log |χ(G, (F ′)nG∗)| ≤ log ρ([F ′]) = log ρ([Lf ∗]).
By Theorem 5.5, we have log ρ([Lf ∗]) = hcat(f) = 0 which yields the statement. 
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